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$M=U/K$ $\triangle_{M}$ $M$ $U$
$\triangle_{M}\leq 0$ $M$
(1.1) $($Sch$)_{M}\{\begin{array}{l}\sqrt{}=\text{ }\partial t\psi+\triangle M\psi =0, t\in \mathbb{R},\psi(0, x)=\delta_{o}(x), x\in M.\end{array}$
$\delta$ $(x)$ $M$ $0=eK\in U/K=M$
$E_{M}(t, x)$ $($Sch$)_{M}$ $M$
$A$
Theorem 1.1. $M$ (
) $M$ $c$ (I), (II)
(I) $t\prime c$
$\frac{t}{c}=\frac{p}{q}\in \mathbb{Q}$ , $p,$ $q\in \mathbb{Z},$ $q>0$ $p$ $q$
$A$ $\mathcal{G}_{q}$ $q$
$M$ distribution $E_{M}(cp, \cdot)q$
$SuppE_{M}(\frac{cp}{q},$ $\cdot)=\{k\cdot a\in M|k\in K, a\in \mathcal{G}_{q}\}$ .
(II) $t/c$
$E_{M}(t, \cdot)$ $M$
$SuppE_{M}(t, \cdot)=$ SingSupp $E_{M}(t, \cdot)=M$ .
SingSupp$E_{M}(t, \cdot)$ $E_{M}(t, \cdot)$ (singular support)
$t=0$ $x=0$
$M$







(2.1) $($ Sch$)_{S}i\{\begin{array}{ll}\sqrt{-1}\partial_{t}\psi+\partial_{\theta}^{2}\psi=0, t\in \mathbb{R},\psi(0, \theta)=\delta_{S^{1}}(\theta), \theta\in S^{1}.\end{array}$
$($Sch$)_{S}1$ $S^{1}$
$E_{1}(t, \theta)$ $($ Sch $)_{s^{i}}$ $\delta_{S^{1}}(\theta)$ $S^{1}$
(2.2) $E_{1}(t, \theta)=\frac{1}{2\pi}\sum_{n\in Z}e^{-\sqrt{-1}n^{2}t+\sqrt{-1}n\theta}$.
(I) $t’ 2\pi\in \mathbb{Q}$ (II) $t’ 2\pi\not\in \mathbb{Q}$
$\mathbb{Q}$ ) $\mathbb{R}$ $2\pi$ distribution
(2.3) $E_{1}(t, x)= \frac{1}{2\pi}\sum_{n\in Z}e^{-\sqrt{-1}n^{2}t+\sqrt{-1}nx})$ $x\in \mathbb{R}$
$t/2\pi=p/q$ $p,$ $q\in \mathbb{Z},$ $q>0$ $p$ $q$
(2.3) $n\in \mathbb{Z}$ $n=qj+\ell,$ $(j\in \mathbb{Z}, 0\leq\ell\leq q-1)$
$j\in \mathbb{Z}$ $0\leq\ell\leq q-1$
$n^{2}t=(qj+ \ell)^{2}\frac{2\pi p}{q}\equiv\frac{2\pi p\ell^{2}}{q}$ $(mod 2\pi \mathbb{Z})$
(2.3)
$E_{1}( \frac{2\pi p}{q}, x)=\frac{1}{2\pi}\sum_{\ell=0}^{q-1}\sum_{j\in Z}e^{-\sqrt{-1}^{\underline{2\pi}}}qL_{-+\sqrt{-1}(qj+\ell)x}^{\ell^{2}}$
(2.4)
$= \frac{1}{2\pi}\sum_{\ell=0}^{q-1}e^{-\sqrt{-1}^{\underline{2}\pi}}n_{-+\sqrt{-1}Px}^{\ell^{2}}q\sum_{j\in Z}e^{\sqrt{-1}jqx}$ .
(2.5) $\varphi(x)=\sum_{\ell=0}^{q-1}e^{\sqrt{-1}^{\underline{2}\pi}\infty}q\ell_{--\sqrt{-1}Px}^{2}$
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:(2.6) $\frac{1}{2\pi}\sum_{j\in \mathbb{Z}}e^{\sqrt{-1}jqx}=\sum_{m\in \mathbb{Z}}\delta(qx-2m\pi)=\frac{1}{q}\sum_{m\in \mathbb{Z}}\delta(x-\frac{2m\pi}{q})$
$E_{1}( \frac{2\pi p}{q}, x)=\overline{\varphi(x)}\frac{1}{q}\sum_{m\in \mathbb{Z}}\delta(x-\frac{2m\pi}{q})$
(2.7)
$= \frac{1}{q}\sum_{j\in \mathbb{Z}}\sum_{k=0}^{q-1}\overline{\varphi(\frac{2\pi k}{q})}\delta(x-2\pi j-\frac{2k\pi}{q})$ .
$\mathbb{R}$ $2\pi$ distribution $S^{1}\cong \mathbb{R}/2\pi \mathbb{Z}$ distri-
bution
(2.8) $E_{1}( \frac{2\pi p}{q}, \theta)=\frac{1}{q}\sum_{k=0}^{q-1}\overline{\varphi(\frac{2\pi k}{q})}\delta_{S^{1}}(\theta-\frac{2k\pi}{q})$ $\theta\in S^{1}$
(29) $G(p, q;k):= \varphi(\frac{2\pi k}{q})=\sum_{\ell=0}^{q-1}e^{\frac{2\pi--}{q}(p\ell^{2}-k\ell)}$ ,
(2.8) (2.9)
(2.10) $E_{1}( \frac{2\pi p}{q}, \theta)=\frac{1}{q}\sum_{k=0}^{q-1}\overline{G(p,q;k)}\delta_{S^{1}}(\theta-\frac{2k\pi}{q})$
(2.9) $G(p, q;k)$
( Lang[L] 5 ) $G(p, q)k)$
$\pi$
Proposition 2.1.
(i) $q\equiv 0(mod 4)$ $G(p, q;k)\neq 0\Leftrightarrow k=0,2,4,$ $\cdots,$ $q-2$ .
(ii) $q\equiv 2(mod 4)$ $G(p, q;k)\neq 0\Leftrightarrow k=1,3,5,$ $\cdots,$ $q-1$ .





(2.11) $\mathcal{G}_{q}:=\{[\frac{2\pi k}{q}]_{2\pi \mathbb{Z}}\in \mathbb{R}/2\pi \mathbb{Z}\cong S^{1}|G(p, q;k)\neq 0\}$ .
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$[x]_{2\pi \mathbb{Z}}$ $x$ $2\pi \mathbb{Z}$ 2.1
$\mathcal{G}_{q}$
(2.12)




(2.13) $SuppE_{1}(\frac{2\pi p}{q}, \cdot)=\mathcal{G}_{q}$ ,
$\mathcal{G}_{q}$ (2.12) $S^{1}$
$t\prime 2\pi\in \mathbb{Q}$ $E_{1}(\underline{2}\pi A, \cdot)q$
$\text{ _{}}^{}II)$ 2 t $0_{\mathbb{R}}$ $2\pi$ distribution (2.3)
$E_{1}(t, \cdot)$ $S^{1}$ distribution
$E_{1}(t, \cdot)\in C^{\infty}(S^{1})$ $L^{2}(S^{1})$ $e-1t\partial_{\theta}^{2}$
$E_{1}(t, \cdot)$
(2.14) $(e^{\sqrt{-1}t\partial_{\theta}^{2}}f)(x)= \int_{0}^{2\pi}E_{1}(t, x-y)f(y)dy$ , $f\in L^{2}(S^{1})$ .
$E_{1}(t, \cdot)\in C^{\infty}(S^{1})$ $e^{\sqrt{-1}t\partial_{\theta}^{2}}$ : $L^{2}(S^{1})arrow C^{\infty}(S^{1})$
$E_{1}(t, \cdot)$
$x_{0}$
(2.15) $E_{1}(t, x+2t)=e^{\sqrt{-1}(t+x)}E(t, x)$ , $x\in \mathbb{R}$ .
(2.15) $E_{1}(t, \cdot)$ $\theta=[x_{0}+2mt]_{2\pi Z}\in S^{1}$ , $(m=0, \pm 1, \pm 2, \cdots)$
(2.16) SingSupp $E_{1}(t, \cdot)\supset\{[x_{0}+2mt]_{2\pi \mathbb{Z}}\in S^{1}|m\in \mathbb{Z}\}$ .
$t2\pi\not\in \mathbb{Q}$ $\{[x_{0}+2mt]_{2\pi Z}\in S^{1}|m\in \mathbb{Z}\}$ $S^{1}$
o SingSupp $E_{1}(t, \cdot)$ (2.16)
(2.17) SingSupp $E_{1}(t, \cdot)=\{[x_{0}+2mt]_{2\pi \mathbb{Z}}\in S^{1}|m\in \mathbb{Z}\}=S^{1}$
Proposition 2.3.





(2.19) $SuppE_{1}(\frac{2\pi p}{q},$ $\cdot)=\mathcal{G}_{q}$ ,
$\mathcal{G}_{q}$ (2.12) $S^{1}$
(II) $t/2\pi$
$($ 2.20$)$ $SuppE_{1}(t,$ $\cdot)=$ SingSupp $E_{1}(t,$ $\cdot)=S^{1}$ .
3.
( )
$n$ $S^{n}$ $S^{n}:=\{x=(x_{1}, \cdots, x_{n+1})\in \mathbb{R}^{n+1}|x_{1}^{2}+\cdots+x_{n+1}^{2}=1\}$
$S^{n}$
(3.1) $($Sch $)_{S^{n}}\{\begin{array}{l}\sqrt{}\sim \text{ }\partial t\psi+\triangle sn\psi =0, t\in \mathbb{R},\psi(0, x)=\delta_{o}(x), x\in S^{n}.\end{array}$
$\delta$ $(x)$ $S^{n}$ $0=e_{1}$ $\triangle_{S^{n}}$ $S^{n}$
$\triangle_{S^{n}}\leq 0$ $($ Sch $)_{S^{n}}$ $E_{n}(t, x)$
$o=e_{1}$
(3.2) $A$ $:=\{(\cos\theta)e_{1}+(\sin\theta)e_{2}|0\leq\theta\leq 2\pi\}$
$S^{n}$ Lie $SO(n+1)$ $e_{1}$ $SO(n)$
$(Sch)_{S^{n}}$ $(Sch)_{S^{n}}$ $E_{n}(t, x)$ $SO(n)$
$E_{n}(t, x)$ $\mathbb{R}\cross A$ ( distribution)
$S^{1}\ni(\cos\theta, \sin\theta)\mapsto(\cos\theta)e_{1}+(\sin\theta)e_{2}\in A$ $A\cong S^{1}$
$E_{n}$ $\mathbb{R}\cross S^{1}$
(3.3) $\overline{E_{n}}(t, \theta)=E_{n}(t, x)$ , $\theta=$ dist $(e_{1}, x)$
( $S^{1}$ $\theta$ dist $(e_{1}, x)$ $e_{1}$ $x$
) $\overline{E_{n}}$
(3.4) $\sqrt{-1}\partial_{t}\overline{E_{n}}+L_{n}\overline{E_{n}}=0$ .












(3.10) $\overline{E_{2m+1}}(t, \theta):=(-2\pi)^{-m}e^{\sqrt{-1}m^{2}}{}^{t}D^{m}E_{1}(t, \theta)$
(3.8)
$($ 3.11 $)$ $L_{2m+1}\overline{E_{2m+1}}=(-2\pi)^{-m}e^{\sqrt{-1}m^{2}}{}^{t}L_{2m+1}D^{m}E_{1}=(-2\pi)^{-m}e^{\sqrt{-1}m^{2}}{}^{t}D^{m}(L_{1}+m^{2})E_{1}$ .
(3.10) $E_{2m+1}$
(3.12) ( $\sqrt{}=$ $\partial t+L$2$m+$1) $\overline{E_{2m+1}}=0$




$E_{2m+1}(t, x)$ : $E_{2m+1}(0, x)=\delta_{o}(x)$
Step II (3.13) $E_{2m+1}$
$E_{2m+1}(t, x)$ $S^{2m+1}$ distribution
(3.15) $E_{2m+1}(t)[f]:= \int_{S^{2m+1}}E_{2m+1}(t, x)f(x)dv(x)$ , $f\in C^{\infty}(S^{2m+1})$ .
( $dv(x)$ $S^{2m+1}$ ) $E_{2m+1}(t, x)$
(3.16)
$E_{2m+1}(t)[f]=(-2 \pi)^{-m}c_{m}e^{\sqrt{-1}m^{2}t}\int_{0}^{\pi}D^{m}E_{1}(t, \theta)(\mathcal{M}f)(\theta)\sin^{2m}\theta d\theta$ , $f\in C^{\infty}(S^{2m+1})$ .
$\mathcal{M}f$
(3.17) $( \mathcal{M}f)(\theta):=\int_{k\in SO(2m+1)}f(k\cdot x(\theta))dk$, $f\in C^{\infty}(S^{2m+1})$ .
$x(\theta)=(\cos\theta)e_{1}+(\sin\theta)e_{2}$ $dk$ $SO(2m+1)$






$E_{2m+1}(0)[f]=(-2 \pi)^{-m_{C_{m}}}\int_{0}^{\pi}D^{m}E_{1}(0, \theta)(\mathcal{M}f)(\theta)\sin^{2m}\theta d\theta$





$S^{1}$ distribution $E_{1}(0, \theta)=\delta_{S^{1}}(\theta)$
$c_{m}= \frac{2^{m+1}\pi^{m}}{(2m-1)!!}$
$( \mathcal{M}f)(0)=\int_{k\in SO(2m+1)}f(k\cdot x(0))dk$
(3.20)
$= \int_{k\in SO(2m+1)}f(e_{1})dk=f(e_{1})$ .
$x(O)=e_{1}$ $k\cdot e_{1}=e_{1},$ $(k\in SO(2m+1))$






$x(\theta)\in A$ $e_{1}$ $k\in SO(2m+1)$ $k\cdot x(\theta)$
(3.15) $E_{2m+1}(t, x)$
$\theta$ distribution $E_{2m+1}(t, x)=\overline{E_{2m+1}}(t, \theta)$
R.H.S. of (3.15) $= \int_{0}^{\pi}\int_{k\in SO(2m+1)}$ $\overline{E_{2m+1}}(t, \theta)f(k\cdot x(\theta))c_{m}\sin^{2m}\theta dkd\theta$
(3.21)
$= \int_{0}^{\pi}\overline{E_{2m+1}}(t, \theta)(\mathcal{M}f)(\theta)c_{m}\sin^{2m}\theta d\theta$ .
(3.16)
Theorem 3.1.
$S^{2m+1}$ $(Sch)_{S^{2m+1}}$ $E_{2m+1}(t, x)$
(3.22) $E_{2m+1}(t, x)=(-2\pi)^{-m}e^{\sqrt{-1}m^{2}}{}^{t}D^{m}E_{1}(t, \theta)$ .
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$D$ (3.6) $E_{1}$ $S^{1}$
(2.2)
Theorem2.4
Theorem 3.2. (I) $t/2\pi$















$U$ Lie $K$ $U$ $M=U/K$
(
Takeuchi[Tak], Helgason[H-1] ) $U$ $K$ Lie $l\downarrow$ $e$
$u$ Ad $-U$ $\langle\cdot,$ $\cdot\rangle$ $u=e\oplus m$
Cartan ( Cartan involution
Cartan Takeuchi[Tak] )
$\mathfrak{m}$ $M$ $0=eK\in U/K$ $T_{o}M$
$\mathfrak{m}$
$\mathfrak{a}$ $u$ $\langle\cdot,$ $\cdot\rangle$ $a$
$\langle\cdot,$ $\cdot\rangle$
$\alpha\in a$
(4.1) $u_{\alpha}:=\{X\in u^{\mathbb{C}}|[H,$ $X]=\sqrt{-1}\langle\alpha,$ $H\rangle X$ , for $\forall H\in \mathfrak{a}\}$
$u^{\mathbb{C}}$
$u$
Definition 4.1. $\alpha\in \mathfrak{a}$ $(u, \mathfrak{a})$ (root) $u_{\alpha}\neq\{0\}$
$m_{\alpha}=$ dimc $u_{\alpha}$ $\alpha$ (multiplicity)
Introduction
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Definition 4.2. $M$ $(u, \mathfrak{a})$ root $\alpha$
$m_{\alpha}$
$a$ $M$ $A$
$M$ (rank) $M=S^{n}$ (3.2) $A$
( 1 ) $S^{n}$
1
$\Gamma=\{H\in \mathfrak{a}|\exp(H)\in K\}$ $\Gamma$ $a$ lattice $\mathfrak{a}/\Gamma\cong A$
$\mathfrak{a}/\Gamma$ $A$
$M$ $E_{M}(t, x)$ $($Sch$)_{M}$ $K$
$E_{M}(t, x)$ $A$ distribution $E_{M}(t, x)$
$A$ $\overline{E_{M}}$ (t\copyright , $(a\in A)$ $\overline{E_{M}}$
(4.2) $\{\sqrt{-1}\partial_{t}+$ rad $(\triangle_{M})\}\overline{E_{M}}(t, a)=0$ , $t\in \mathbb{R},$ $a\in A$ .
(4.2) rad $(\triangle_{M})$ $\triangle_{M}$ radial part $A$ Definition
4.1 $m_{\alpha}$
(4.3) rad $(\triangle_{M})=A_{\mathfrak{a}}+$ $\sum$ $m_{\alpha}\cot\langle\alpha,$ $H\}\partial_{\alpha}$ .
$\alpha$ : positiveroot
(4.3) $\Delta_{a}$ $\mathfrak{a}$ $\partial_{\alpha}$ $\alpha$
$\langle\alpha,$ $\nabla\}$ $\partial_{\alpha}$
$\mathfrak{a}$ . rad $(\triangle_{M})$ $\mathfrak{a}$
$\Gamma$-periodic $a$
$a\Gamma\cong A$ rad $(\triangle_{M})$ $A$ well-defined
$D_{M}$ $c_{M}$
(4.4) rad $(\triangle_{M})D_{M}=D_{M}(\triangle_{a}+c_{M})$ .
$c_{M}$ $\rho:=\frac{1}{2}\sum_{\alpha}$ : positive root $m_{\alpha}\alpha$ $c_{M}=\langle\rho,$
$\rho\rangle$
$D_{M}$ Heckman-Opdam shift operator (shift operator
$\circ$ Heckman-Schlichtkrull $[$Heck-Sch$]$ , Heckman $[$Heck$]$ ,
Opdam [Opd-ll, [Opd-21, $[$Opd-3], $[$Opd-41 )






rad $(\triangle_{M})$ $\triangle$ $+c_{M}$
(Example4.3 (3.8) ) $M$
$a$
$D_{M}$
(4.6) $\overline{E_{M}}(t, a)=$ const. $e^{\sqrt{-1}c_{M}}{}^{t}D_{M}E_{A}(t, a)$
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$E_{A}(t, a)$ $a/\Gamma\cong A$
(4.7) $($ Sch $)_{A}\{\begin{array}{l}\sqrt{-1}\partial_{t}\psi+\triangle_{A}\psi=0, t\in \mathbb{R},\psi(0, a)=\delta(a), a\in A.\end{array}$
$\mathfrak{a}$
(4.8) $(Sch)_{a}\{\begin{array}{ll}\sqrt{-1}\partial_{t}\psi+\triangle_{Q}\psi=0, t\in \mathbb{R},\psi(0, H)=\delta(H), H\in \mathfrak{a}.\end{array}$
$\Gamma$-periodic
(4.7) $E_{A}(t, a)$ $S^{1}$ $E_{1}(t, \theta)$
(Theorem24 )
Theorem 4.4. lattice $\Gamma$ $c$ (I), (II)
(I) $tc$
$\underline{t}_{=}\underline{p}\in \mathbb{Q}$
$P,$ $q\in \mathbb{Z},$ $q>0$ $P$ $q$
$c$ $q$
$A$ $\mathcal{G}_{q}$ $q$




$SuppE_{A}(t, \cdot)=$ SingSupp $E_{A}(t, \cdot)=A$ .




Branson-Olafsson-Pasquale [BOPI, Branson-Olafsson-Schlichtkrull [BOS], Chalykh-
Veselov [Cha-Ves], Gonzalez [Gonz], Helgason [H-3], [H-4], Helgason-Schlichtkrull [H-Sch],




(5.1) $\{\begin{array}{l}\partial_{t}^{2}u-(\triangle_{M}+\langle\rho,\rho\rangle)u=0, t\in \mathbb{R},u(O, x)=0, (\partial_{t}u)(0, x)=\delta_{o}(x), x\in M.\end{array}$
( ) $U(t, x)$
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Theorem 5.1.
(5.2) $SuppU(t, \cdot)=\{x\in M|$ dist $(x,$ $0)=|t|\}$ .
$U(t, x)$ $t$ (Suppo





$\mathbb{R}^{n}$ $H=- \frac{1}{2}\Delta+V(x)$ , $(x\in \mathbb{R}^{n})$
( ) $E(t, x, y)$
(5.3) $\{\begin{array}{l}\sqrt{-1}\partial_{t}\psi-H\psi=0, t\in \mathbb{R},\psi(0, x)=\delta(x-y), x, y\in \mathbb{R}^{n}.\end{array}$
$E(t, x, y)$
Theorem 5.2. (Yajima [Y])
(I) $V(x)=o(|x|^{2}),$ $|x|arrow\infty$ ( $V(x)$
Yajima [Y] ) $|t|\neq 0$
$E(t, x, y)$ $(x, y)$
(II) $V(x)\geq C\langle x\rangle^{2+\epsilon}$ , $C>0,$ $\epsilon>0$ $n=1$ $E(t, x, y)$
$(t, x, y)$ $C^{1}$
$(H=- \frac{1}{2}\triangle+\frac{1}{2}|x|^{2})$
$V(x)$ 2 (su-













(5.4) $SuppE_{M}(t, \cdot)=$ SingSupp $E_{M}(t, \cdot)=\lrcorner lI$ .
$M$ $E_{M}(t, \cdot)$
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